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ADVANCED LEVEL MATHEMATICS NATIONAL EXAMINATION PAPER 2020-2021
(MCB, MCE, MEG, MPC, MPG, PCM, PEM)

SECTION A: Attempt all questions. (55 marks)

1) Answer:
. sin(x—4) _ sin(4-4) _ 0
!}ﬂ -4 44 "oIF

By hospital rule:

lim sin(x—4) =1lim [sin(x-4)]/ = lim
x—4 x-4 x4 (x—4)r x4

2} Answer:
w=V3-isa=+3,b= -1
Let p and ¢ be the modulus and argument of the complex number w.

p=+a?+b%2=+3+1 =2:The modulus

cos(x—4)

=cosD=1

el 11n
_a_+3 _Je . _b_ 1 . _Je
COS(P-—;—--;@(p— -1_12 Slﬂ@—;——;ﬁ(p—z@(ﬂ—— 7_1[
6 6
The argument isl—;z
The required trigonometric formisw =2 (cos}%r +isin 1—25
3) Answer:
Letthe curve P (x,y) = 2x—5x3=1+xy.. -{1)
X = pcos
In polar coordinates, we know that: { y = z sin$ .{2)

Putting (2) into (1) we get:

2pcosg — 5p3cos3p = 1 + p?singcosg

The required polar form is:

Y(p, @) = 2pcosep — 5p3cos3p =1 + % p%sin2¢:The required form!
Or

P(p, ) = p(2cosp — 5p*cos3¢p — % psin2¢ = 1 : The required form!

4) Answer:
In(e’)=In(e®)+In(e’)=>x=3+5 =x=8
S ={x}={8}
5) Answer:
XX2X-2*=0 %0
2(x*-1)=0 = x*-1=0
X=1=>x=+1
S={xy, x}={1, 1}

6) Answer:
dy
eix=x+1
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In(e%) =ln(x+1)

L =In(x+1)

dy = In{x + 1)dx

y= [In(x+ 1)dx

Evaluating an integral:

fIn(x+ 1) dx

Method1: integration by parts
Letu=ln(x+1)=>du=;%,dv =dx sv=x
fudv =uv - [vdu

[In(x+ Ddx = xln(x+ 1) - [Zdx

=xin(x+1) - | x::;l dx

dax
=xIn(x+1)- [dx + [ —
=x In{x+1) = x + In(x+1) + C
= (x+1)in{x+1) - x+ C
y(x) = (x+1) In{x+1) - x + C
x=0,y=3=>C=3
The required solution is:
y(x) = (x+1) In(x+1) - x + 3
Method 2: integration by substitution
[In(x + 1)dx
Let u=x+1 = dx=du
Hint: [Inudu=ulnu—-u+cC
fin(x+1dx= [Inudu=ulnu—u+C
= (x+1) In{x+1) - x -1+ C
= (x+1) In{x+1) - x + C
y (x) = (x+1) In {x+1) -x + C
x=0,y=3=>C=3
The required solution is:
y (x) = (x+1) In {x+1) -x + 3

7) Answer:
A(2,-1,3),P=x-2y+3z~-1=0, let find the plane IP and Aem.
Since the two planes are parallel, they have the same normal vector 7i(1,—2,3). Let 7 passes
through an arbitrary point A’(x, y, z) whose position vector
7(x,y,z)and A with its position vector 7y = (2,—1,3)and , it follows that:
T=RNFTF-7)=0
T=x—-2)-2(y+1)+3(z-3)=0
T =x—2y+ 3z— 13 = 0: Required plane!
8) Answer:
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2Z2=1+i

1=Vit+i=x+yi .
R ’ 2a+2y az+b2 . ’-—2a+2\/ aZ+b?

Hint: x=+ BRCae S y=+tt¥—ooo

b=1>0:x and y have the same s:gn

+‘12a+2 a?+h? " [2422 J—-Zu-&-z az+b2 ,/_2+2ﬁ
T T2 2

2
_ V2422 J-2+22 i »s Jz+z + J—z+z z,
=- - 2=
2 2

2 2
h&mﬂ%—hfﬁ—JqfﬁL“?ﬁ+Jﬂfﬁi }
9) Answer:
a) y=x*+6x+5
=(x*+6x+9-4)

= (x+3)? - 4 vertex form
The vertexis: (-3, -4) or (-— o ;;) (-3,-4)

2a’
b) Axis of symmetry:1=x=-3
10) Answer:

7 _dx

0 1+tan3x
Method 1: Use of change of variables

du du du du

Laf = fam:x =5 e w secix sectx 1+tanx = 1+u?

Sinceu=tanx:{x—)2 aE —F-rio

x->0>u—0

x

5 o= f+w de = Improper int I
| 0 1+ tandx 8 @+ud)1+ud) prop egrati.
| Using partial fraction:

1 _ A Bu+C |, Du+E

(A+ud)(1+u?) ~ 1+u + uZ-u+1l = 1+u?

|

|

} _ A@P—u+1) (@2 + 1)+ (Bu+C)(1+u)(ut+1)+(DU+E) (1+u®)
| =

\

(1+u3)(1+u?)
A+B+D=0 11010:0
~A+B+C+E=0 4 0 reimarriz] ~11101: 0
= 24+B+C=0 _— 21100: 0
—-A+B+C+D=0 -11110:0
11001: 1

Y A+B+E=1
10000:1/6
RlEF 01000 :-2/3
= 00100: 1/3
0001 0: 1/2
00001: 1/2
From the row reduced echelon matrix we get:

l B 2 g=ip=2F-1
A=_,B= —3,C=3,D=3,E=;
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ﬁ dx  +oo du
0 1+tan3x 0 (1+u)(u2-u+1)(u2+1)

du 1 2u~-1 u+1
J A+ (@t D@+ 1) 1+—u__ u2 U t3 f
=1 _1 d(u2~u+1) 2 d(u’-+1) d
- ln(l +u) fuz Sl 2u-1 Ta f *2 fu2+1
=;ln|1 +u| —glnluz —u+1| +zlm|u2 +1] +Earctanu+ C
_ (1+u)2(u2+1)3” 1
. [l at—urnt || TZaTCtAn U+ C

2 2 3
f+oo du lnl(1+b) (b°+1)

0 M+wel—wtD)P+1) b_,m 12 (b2—b+1)* + arctan b ”

=lln(lim )+ arctan + o

12 b-—)+oob8
_1x1t__1t
2727 4

w
fo 1+tcm3x :
Method 2: Use of special definite integrals properly f: fX)dx = f: fla—x)dx .....(1)

As we have trigonometric functions and a = g, it follows that complementary arc formulae will

help us:
" w n
dx > dx cos3x
i = = e x
0 1+tan3x 0 145im3x 0 cos3x+sin3x

= £ COS
f— 1+tan3x -!; cos3x+sin3x
From (1) into {(2):

5 dx cos (—-—x) _ (5 cosix
foz 1+tandx fo cos3 (___x) e (T‘") dx = foi P dx ... (3)
Adding (2) and (3), we get:

f _ sz—t cosSx+sinSx
0 1+tan3x 70 cos3x+sin3x
11) Answer:

y=x+landy=x3
Formula:

b ,
A= (3 (x)=p(x))a

dx ()

= L
dxzj;idx:xlf)zg

The required area is given by:
If (3 =2 —1)dx = l———— l_ll = l———— 1—-—=-— 1 =§ units area

12) Answer:
P, = 100,000, r =0.05,t =40
Formula: P=P,e"
P =100,000e°°5*° = 100,000e> ~ $ 738,906

13) Answer:
f(x) = In(x+cosx)

By KAYIRANGA Serge, facilitator in science subjects, KAGARAMA SECONDARY SCHOOL
Phone N*: 0788629451 / 0728629451, Email: kayser132002@yahoo.fr



5|Page

Method 1: Use of logarithmic functions differentiation property
f(x) = Infu(x)) = Px) = 22 ‘

u(x)
x+cosx) 1-sinx
P = EE0
x+cosx x+cosx

Method 2: Use of Leibniz formula or chain differentiation
Lety = f(x) = y = In{x+cosx)
u=x+cosx > y=Inu

du _ dy _ 1
dx ~ 1- sinx du " x+cosx

dy _ dy . du _ 1-sinx
dx  du” dx  x+cosx
14) Answer:
Linearization of sin x cos? x

Method 1: Use basic linearization formulae
1+cost)
2

= % (sinx + % (sin3x — sinx)

sinx cos? x = sinx ( = -;- (sinx + sinxcos 2x)

1/1 . 1 .,

=- (;smx + —sm3x)
2 2

= -l-sinx + i sin3x

T4 4

Method 2: Use of complex numbers
elx_g—ix el*pe—ix
cosx = —

2

sinx =

sinxcos?x = ot ( eiqe_&)
R T 2

= % (e™ - e™)(e™ + &™)

= _;_i_(elx —e™)(e™+e™)(e™ + ™)
= Elf(em - e2¥)(e™ + &)
= _;_i(eﬁx +e—ex . g3n)

_ 1 (ei:_e—ix n eS!x_e-Six)
T4\ 2 2i

1, 1,
==~SI -
4snx+4sm3x

15) Answer:

y=x’-1

) The interval of integration is found such thaty=x>—1andy =0 then, x*-1=0 = x = +1
Formula: V=1 f: ?(x)dx

V= 11'f_11(x2 - 1)%dx = nf_ll xt—2x% + 1dx

V=21r(§—--2-§3-+ xla) = 21:(-;--—§+ 1) = 211'3:310;'—15: —:—gﬂunitsofvolume
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SECTION B: CHOOSE ANY THREE QUESTIONS (45 marks)
16) Answer:
a) [tan’xdx = [ tanx.tan?x dx = [ tanx. (sec?x — 1) dx
= [tanxsec?xdx [ tanx dx
Taking I, = [ tanxsec’xdx and I, = [ tanxdx
h= [ tanxsec’*xdx

letu=tan x> dx= d';

sec x

2 2

li=h= [ tanxsec? = 32- €= mZ' = Cy

sinx
I; = [tanxdx = | —dux:
Letu=cosx = dx = —-2%

sinx

sinx sinx du
L=[tanxdx = [== —odr=— = i = —inlul + €, = ~Injcosx| + C,
=~ [tan3xdx = e In|cosx| + C

b) y"+8y'+25y=0,x, = 0, Yo=2,andy,=1
CE=22+82+25=0
A=64-100= -36<0
b = T S S =48 =3 = y() = (Crcospr + Cysinpryes
y(x) = (C1c0s3x + Cysin3x)e~**

. y'® = (—3C,cos3x + 3C;sin3x)e~** — 4(Cicos3x + C,sin3x)e~**
y(0)=2,y'(0)=1 =>{ 4clci—3-.c22 —19€1=2C,=3
= y(x) = (2cos3x + 3sin3x)e~**
17) Answer:

a) P1=10000e", P, = 20000e°°", t, = 2000 t = 2040 — 2000 = 40years
P1(40) = P»(40) = 10000e%°* = 20000140
1% = 2g04
In(e**) = In(2e%4)
40k = In 2 + In(e®%)

40k=In2=0.4
In2+0.4
k= T 0.027

b) a3P,P(2,-3,4)
The normal vector of the required a is collinear to the vector ab = k7 JkeR:
ab = (—3,-3,-4) > 7=3,3,4)
The equation of plane a is given by:
a=AX—2)+BO—-y,)+C(z=2,)=0 P (%,Yo,2)
a=3x-2)+3(y+3)+4z-4)=0
=3x+3y+4z—-6+9-16=0

 =3x+3y+4z—-13=0
a = 3x + 3y + 4z — 13 = 0: Required equation of plane!
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o letdi=7+2j-3kT=3T+AJ+KkW=7+2j+3k

The set of three vectors {u, ¥, W}, is coplanar if f:

131
det T, W)=0=>| 2 1 2{=0=261-36=01=6
-3 13 '
Therefore, the three given vectors are coplanar iff 1 = 6
18) Answer:
3+32 _fx=34
3) 17 {y 2+22 Oloi=iy=22
. e
3 T2 3T
2x-3y =0
2
y=3x
e = x=3+21 Or I = x=5+22
AB=|y=2-21 T AB=|ly=0-22
X3 _y=2 x5y
R 2 -2
X+y -5 =0
Yy =-x+5

b) The required areais bounded by: y = -2-x, y= —x+5andx—axisI=[0.5]

A= fo 2xdx lo = —x— = 3cm?

Az=f (-—x+5)dx= (—+ 5x)|3 =—+25+2—15=2cm2

The required areais A= A; + A; = 3cm? + 2cm? = 5cm2

BasexHeight 5x2
c) Area=—-—2"’— =—2—cm =5cm?

d) fis not specified, but we analogically have two straight lines y= gx, y=-x+5
representing two different functions. For each of functions we find the average value as

follows:
1 b
w = 5= [, F(x)dx
2
Fory=—
_ 52 1 25 _ 25_5
fav = 503xdx—5x3|0 15 3
Fory= —-x+05:
_ 1.5 _17 2 5 _1(25 _5
a,,—gfo(—x+5)dx—-5(-—2+5x)|0—g(?+15)—5
19) Answer:

Speeding violations

No speeding Total

No car phone use

in last year violation in last year
Car phone use 25 280 305
45 405 450
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Total 70 685 755

Let A: a person is a car phone user n{A) = 305
B: a person had no violation in last year n(B) = 685

C: a person had violation in last year n(C) = 70
a) PA)=——=—
755 151
755 151
P(C)  70/755 70 14

D: a person is not a car phone user n(D) =450
755 151
b) P(B)=
280 _ 56
d) P(AUB) = P(A) + P(B)—P(ANB) = %+E§+ 280 _ 710142
f) P(B\D)=DBND) _ 405/755 _ 405 _ 9

305 61
_ 137
) P(ANB)=22=
755 ' 755 755151
e) PA\Q)= 24O P(ANC) _ 25/755 _25 _ 5
P(D) ~ 450/755 450 10

20) Answer:
Falx) = z,Jre]R?; In—f F,(x)dx,
1 2x d
a) ‘h-fo —=d f b Tazdx letu=1+x= dx==
1 cldu 2 _
-f0-2-;~—xlnll+x 15 —-lnz
1x3+x 211 _
b) hth=J) “_xz —dx = fo xdx == x 5=
1
|3-E'— l1=—-—-ln2 = 5(1 - ln2)
x2p+2
€) bpthpe= f [1+x2 1+x1] dx
f [xz”+x21’.x
1+x2
» f [le’(1+.x2)] o
B 1+x2
2p 2o+1pl
= = = !
fo x*Pdx =~ Tl = 2pr 7 Proved!
_ 1 xF 1 1+x 1 _ 1 dx 1 1 b
d) |2—f0 1+2 f f dx—f A xlo—arctanxl‘,:l—-;
1 1
From c), we know that Izp + lpiz = ey = lypuz = il Izp
T __ 4-12+ 31t 31t—8
li=lhia= —12—5—1+ 12 12
le=hown=lo_], = 1378 _ 12-151440 _ 52-15z
e 22 T M Ty T T T e e0
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