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ADVANCED LEYEL MATHEMATICS NATIbNAL ExAMINATIoN PAPER 2O2O-2a2I
(MCB, MCf,, MEG MPC, MPG, PCM, PEM)

SECTION A: Attempt aII questions. (55 marlis)
L| Answer:

[m.tr(*;4) = 
sr[:(4-4) _9 rcx+4 x-4 1-4 O --

By hospital rule:

ISt#= HE# = l'Ssefl = co'so = r

2l Answer:

w=rE-i =+a= €,b= -l
Let p and g he the modulus and argument of the complex number w.

p = Jm = V]:IT = 2:The modutus

Gose= ;=* -.={+ stnq-i=-:1(p'=Io*=ff
t"

\

The argument isf
The required rigonometricform is w = 2 (ro"f 1 i s;2I")

3) Answer:

Letthe curuetp(x,y) = 2x- 5f =l+xy-........ ...............(t)

ln potar coordinates, we know that, {x = pco.sq
ly = pstnq """"" {21

Putting (21 into (1! we get:

Zpcosg - 5p3cos3g = 1* pzslnqcosq
The required polarform is:

{@,q) = Zpcosg - Spscossg = 1* lOzstnZq:Therequfred form!
Or

lt{p,E) = p(Zcostp - Spzcosstp -f,OsfnhV = I : The requtred. fornl

4l Answer:

ln(e')=ln(e3|+ ln(es)+ r = 3 * 5 <=+ r = 8
g={x}={8}

5) Answer:

x2.2'-2'=o 2r*o
2*(x2-1r=(ls1x2-1=0
X2=1=+X=tl
5 = {x1 x2} = {-1, 1}

6l Answer:
ilvea,-x+l
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2lPgse , -.,,;''.

'r(#)=ta(x*r)
*= ^(x 

+ 1)

dy=ln(x*1)dx
y= ttn(x+t)dx
Evaluating an integral:

Jln(r + r)dx
Methodl: integradon by parts

letu =ln{x+l} = d, =#, da = dx + u = r
Iudo=rro-ladu
! llr,{x + t)dr = xln(x+ 1) - I fra*

=xln(x+xl - S$ax
=xtn{x+ll -lar+l#
= x ln(x+l} -x + ln(x+l) + C

={x+lfln(x+l}-x+C
y{x} = (x+t} tn(x+t} -x + C

x=Oy=3 =rC=3
The required solution is:

y(x| = {x+lf ln(x+l} -x + 3

Method 2: integration by substitution

! tn(* + 1)dr
Letu=x+l=+dx=du
Hint:Jlnu*r=ulnu-u+C
I tn(x * t)dx = [ tnu du = u lnu - u + C

= (x+11 ln(x+l) - x - 1+ C

={x+1}ln(x+tf-x+C
y {xl = ft+l} tn (x+1} -x + C

x=0ry=3 =+ C:3
The required solution is:

y {x} = (x+t} ln {x+1} -x + 3

7l Answer:

A 12, -1.,31, p : x - 2y + 3z - 1 = 0, let ffnd the ptane r ll p and A e n.
Since the two planes are parallel, they have the same normal vector il(1, -2,3). Let fi passes
through an arbitrary point A,(x, y, z| whose position uector
i (x, y, z) and. A with it s p o s tt lolr. u e c tor 7 a = (2, - l, 3) and., it lollows that
r=ilf-7.,q)=O
,t = {x - 2) - zty + 1) + 3(z * 3) = O

rt = x - 2y + 3z - 13 = O: Required. planet
8l Answer:
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z2=1+i
z=.1ffiJ=r+yi

---l2o,+2Jaz+bzHint:x=t* y=tnltla. I Y - T-2',z
b = 1 ) O : x andy haoe the same sign,

,_t
, Jza+zJoz+tz . Jffi . l-za+2,[o,z+62

2-2',2
,,8+m

=t- 2

,lr+z-ffi, Jffi. ,lffi J- -zr=-T z , zz= T- 

-,5={zr,o}={- ry - ry r, ry * Frifi ,

9l Answer:

al Y=x2+6x+5
={f+Gx+9-4f
= (x+3f2 -4 vertex form

The vertex is: (-3, -+t or (-fi , -*,) = (-3, 4l
bl Axisof symmetry: I =x=-3

10f Answer:
D

?= dxtL 

-

Jg 1+trrn3r
Method 1: Use of change of variables

Let u =tan x ::+ ox= ;fr = #= #= #
(fi

since u = tan x: I * 'i + lt -+ +oo

I r- 0 +u --+0
f; d* _ r+-_ duJo'i6=Jo 6;;71;5 - ImProPerintegral!
U sin g p arttal f r action:

I A Bu+C Du+E
(1+usx1+il2) l+tt ' tt?-tt+L ' t+uz

_ I(ilz-il+l)(#+1)+(8il+Cx1+ilXuz+1)+(DU+E)(1+u3)
(1+u3)(1+uz)

{ A+B*D=0
l-e+ B+c*E=o*{ zA+B*c=o
l-e+ B+c*D=ol. e+B+ E=l

r 11010:
Ausmerrtedaromrl -! 1 1 0 1 :

----------------l z t 1 0 o :

l-1 1110:
L 11001: il

I 10 00021/6 1

**rrl olooot-zftl
====l 00100: U3 I

I 00010 z 1/2 
1I oooo1 Uz ]

From the row reduced echelon matrix we get:

A=*,8 = -?,c =*,D =!,8 =;
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E da ,+m,z-- IJn lqgnosr- Jg (1+il)(u2-u+1)(u2+t)
f du lrdtt lt 2tt-1 - t.rr+1I #, = zi T;,- i J ffiiau * ) i fiau

=!In(r+ u) - * f #W *it i + *;t *
=luft+lrl-*hlu2 -u+ 1l + lnlu' + 1l+ f,orrtuna* c

=$P"lffill+f;","t"nu+ c
rtm dtJo (rF"x" =bg*t#tlffi# +larctannll

= l;m(,gTl#) +lo,"ton + *
=i* I=I

.!dxnl a-: _Jo l+tmtsx - 4

Method 2: use of special definite integrats property I{ f fr)a" = $ f {"- x)d.x ......(1}

As we have trigonometric functions and a = 
3, it foltows that complementary arc formulae will

help us:

fr#=Jf&=tr#.%a,
A dx A cos3Ii C;"a= JF# dr ..................................... (21

From (lf into (2):

ff #= r;flffi a* = Sffi;a, .............r3r

Addlng (2| and {3f, we get:

z i; #,= JA## 4* = fi d* = *tio =
11) Answer:

y=x2+1andy=13
Formula:

*-6
;';J{r,(r)-.rr(r}

,f

2

t
The required area is given by:

a= 
fl',r,, - 

*:z - r)d.x =l+-f -,[,] = |}-i- r -i-i- rl = : untts area

12) Answer:

% = 100,000, r = 0.05, t = 40

Formula: P = Poet
p = 100,fi10e00sr'ro - 100,0fi1e2 = $ 739, 906

13| Answer:

f(x| = tn1x1*o1
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Method 1: Use of togarithmic functions amerentiation property

f(x)=1p1s1*;l+f{xl=#

ffxl = 
(r+Gof,t)' 

- 
l-shrz

x+cosx r+cosr
Method 2: Use of leibnlz formuta or chain differentiation
Lety = qx; + y = lntx+cosxl

u=x+cosx+y=lnu

*=l-slnx E= L

t t dtl .r+cos r
dy dy da l-slnt
-: -Y-:dr du" dr r+cosr

14) Answer:

linearization of sin x cos2 x
Method 1: Use basic linearizatlon formulae

sinx cos2 x = stnr (9tr34) =f,{tlrrl* + stnl,cos zx)

=f,ttu* +f,$ntx - stnx)

=LQsinx+ |sinsr)
lsux+f sia3r

Method 2: Use of complex numbers
. eb-e-k

stnx = -Ii- "i*a"-lxoosx = n-
sinxcoszl=ff. ("*r:'\'

=fi{""-"'n}(er.+e4*}2

= fi{"o - ""}(er* 
+ e-t*f(er'+ er';

=ffe2h-e+*f(er'+ e-tof

= #"tn + eh- e-rx - e'3rxl

l /erz_e-tx e3tx_e-gtx
+\ zt ' zt

=!sinx+ |sin3r
15) Answer:

y=x2-l
The interval d integration is found sudr that y = x2 - X and y = 

g then, xz - I = 0 =+ x = t1
Formula: v =o [o, fr@)a*

v = r t{xz - t)2dx = u jlr*, - ztz * tdx
v =znff-{* qfi) = '*(!-3* ,) = ,lr# =#ounitsorvorume
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SECTION B: CHOOSE AI\ry THREE eUESTIONS (45 marls)
16) Answer:

al ! tan3xd.x - j tanx.tanzx d.x = ! tanx. (seczx _ l) dx
= [tanrseczxdx{tanxdx

Taking tr = j tanxsedxdx and Iz = I tonxdx
lr= !tanxseczxdx
Let U =tan r( =+ dX=#
11= 11 = { tanxseczxdx = 1 u.seczxffi= { * c1 : S+ c1

Iz= Itanxd.x=J"Ed.x:
LetU= COS.r :9 dX= -#
t2= ! tanx a : I #d,x = - I #.#* -hlul * c2 = _tnlcosxl + c2

:. ! tansxdx = * + hlcosxl + C
bl y"+ 8f+25y = 0, xo = 0, yo = 2, and 6 = 1

CE= tJ + 8,1+ 25 = 0
A=64-100= -86(0

-8+6r (fu = -4 * 3l
^tAT =h, = _4_giltt=-4,p=3 +y{x)=(Cpospx* C2slnlx)edx
y(x) = (61cos3r * C2sinlx)e-*t
yr(t) - (-3C1cos3x* SC2sinlx)s-ar -4(C1cos3 x* C2sin3x)e-ax

y(0) = z,y'{o) = 1 =+ {_*il;:, = te cr = z,cz = s
.. y(r) = (ZcosSx * Ssin}x)e-ax

17| Answer:

a) pr = 10(Xl0eh, pz 
= 20000eo.r.., to = 2000 t = 20rO _2000 

= r0years
Pr{40} = Prt40l =+ 10000e4k = !(t[QQgo.or*o
etok - 2e0.4

lnteeft) = ln(2eorl
40k=ln2+ln(eoa!
rCIk=ln2=0.4
. l1t2+O.4
ft =:- = o.o27

40
bl d, ) P,P (2,-5,4)

The normal vector of the required rr is collinear to the vector EE = ftil, ft e IR:

;I= (-s, -3, -4) + fr = t, ?, 4l
The equation of plane ais giuenby:
a= A(x-ro)* BOt-y)+ C{z- zo) = $ p (tt",yo,zol
a = 3(x - 2) + 3(y + s) + 4(z- 4) = o
=3r*3y+42-6+9-16=O
=3x+3y+42-13=O
d = 3x + 3y + 4z - ll = 0: Required equation of ptane!
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c) letfr = i+zi- gED = Bi+ ii+flfi = i+ z;'+ sE
The set of three vectors {fr D, ID}, is c oplanar if f z

det @D,Ei)* - 
l_i i il =o + 61.- 36 = o <+ .r = 6

Therefore, the three given vectors are coplanar ltr'A = 6
181Answer:

al bz = {i=i#i a, toi = U=itr
x-3 y-2 x 7T=-tor;=,
2x-3y =(t

2y =tx

h = fi=i:itr or t76= f; :'r]ltr
r-3 y-2 r-5 v

-:_oi_=_2-22-2
x+y -5 =0

Y = -x+5

bl Therequiredareaisboundedby:y=1*,, = -r+ S andx-axlsl = [0.S]

a,= filxd,* =?+lB =;r: = 3cm2

ao = f,1-, + E)dr = ft *sr)l! ='j + zs+ f - rs = zcm2

The required area is A = Ar + A,z = 3cm2 + 2cm2 = Scm2

cl Area= ry=ffr*r=5cm2
dl f is notspecified, butwe analogcally hauehilo straightlinesy =l*,y= -x * S

representing hrro different functions. For each of functions we find the auerage value as
follows:

f ,u = *,t ru>a*
.,

For / =;^r:

f a, =ilfi*a, = lrjl3 : H =:
ForY = -x* 5:

f^, =ifr-, + E)dx = *(-f + sr) tE = *(f; + rs) = i
191 Answer:

Speeding violations
in last year

No speeding

violation in last year
Total

Car phone use 25 280 30s

No car phone use 45 405 450
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Total 70 68s 755

LetA: a person is a car phone user n(Al = 305

B: a person had no violation in last year n(B) = 535

C: a person had violation in lastyear n{Cl = fO

D: a person is not a car phone user n(Dl =450

al P[AI=H=g
bl P(B)=#;=iii
cl P(AnB) =#: = #
d) p(AuB) = p(d) + p(B) -p(dnr) = H*#i3* ?3, =##
el pfA\Cl= P(Anc) -W. - 3g - s

P(c) 7ol7ss 70 t4

fl PtB\Dl = 
I(ry1 - loslTss - 4os - e

P(D) {So/7sS 450 10

20| Answer:

F"(xt = fi,*e R: tn = fi ro1:1ax,

al 6= fifrax =*tl#a, tetu = l+f + dx =*
iti*= 1 r rnll + r'ltl =f;mz

bl rr*1, = /o'# 4a = $ xdx =* *rlt =*
b=*-h=*-f,mz=l$-mz)

ct t2e* tze+z= t:L* + ffilax
=til-;rlo.
=rll{#1lo,
= fi xudx =#l' - Lp,ou"4,

Zp+lln 2p+1.

dt 6= S!ftax= Ilff.o* = Ii a.- t#= ,tl - arctanxlf, =
From c|, we know that t2p + l2p.q = # ==i tep*z = fii- ho

tr=tar*z =!-rr=l- 1 *f =ry=Tf
1 , 13n-8 !?-LS7'+4O 52-15rr

,6 =.22+2= ; - r* = E-it = ---l;il- : 
-;-
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